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Abstract
In [B. De Bruyn, H. Pralle, The hyperplanes of DH(5, q2), preprint 2005], we showed the existence of
five isomorphism classes of hyperplanes in each dual polar space of type DH(5, q2). We also proved there
that every hyperplane of DH(5, q2) belongs to one of these five classes if q = 2. In the present paper, we
classify all hyperplanes of DH(5, 4) and find four additional isomorphism classes of hyperplanes.
c© 2006 Elsevier Ltd. All rights reserved.
1. Introduction
A (geometric) hyperplane H of a partial linear space S is a proper subspace meeting every
line, i.e. every line of S either intersects H in a unique point or is contained in H . If every line
of S is incident with precisely three points and if H1 and H2 are two distinct hyperplanes of S,
then the complement H1ΔH2 of the symmetric difference of H1 and H2 is again a hyperplane.
In the sequel, we will denote the hyperplane H1ΔH2 also as H1 ∗ H2.
Let Δ be the dual polar space DH (5, q2), i.e. the points and lines of Δ are the planes and
lines, respectively, lying on a nonsingular hermitian variety H (5, q2) of PG(5, q2). The set of
generators of H (5, q2) through a given point x of H (5, q2) is a convex subspace Qx of Δ,
and the points and lines of Δ contained in Qx define a generalized quadrangle isomorphic to
Q−(5, q). These subquadrangles are called the quads of Δ. We refer the reader to Payne and
Thas [4] for the basic notions on generalized quadrangles to be used in this paper. If x is a point
of Δ, then the lines and quads of Δ through x define a projective plane ResΔ(x) isomorphic to
PG(2, q2).
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Distances in Δ will always be measured in the point graph or collinearity graph. For every
point x of Δ and every i ∈ {0, 1, 2, 3}, Δi (x) denotes the set of points at distance i from x ,
x⊥ := Δ0(x)∪Δ1(x) and Hx := Δ0(x)∪Δ1(x)∪Δ2(x). SinceΔ is a near hexagon (Shult and
Yanushka [5]), Hx is a hyperplane of Δ. We call Hx the singular hyperplane with deepest point
x . If σ is a Q(4, q)-subquadrangle of a quad Q, then the set of points at distance at most 1 from
σ defines a hyperplane Hσ ofΔ. We call Hσ the extension of σ .
If H is a hyperplane ofΔ and if Q is a quad ofΔ, then either (1) Q ⊆ H , (2) Q∩H = x⊥∩Q
for some point x ∈ Q, or (3) Q ∩ H is a Q(4, q)-subquadrangle of Q. If case (1), case (2), case
(3) occurs, then Q is called deep, singular, subquadrangular (with respect to H ), respectively.
In case (2), we also say that x is the deep point of Q. A hyperplane H of Δ is called locally
singular (respectively, locally subquadrangular) if every nondeep quad is singular (respectively,
subquadrangular), with respect to H .
In the sequel we will mainly restrict ourselves to the dual polar space DH (5, 4). Every line
of this dual polar space is incident with precisely three points.
Definition. Let H be a hyperplane of DH (5, 4). For every point x of H , let ΛH (x) denote the
set of lines of DH (5, 4) through x contained in H . If no confusion is possible, we will also write
Λ(x) instead of ΛH (x).
We take the following two propositions from De Bruyn and Pralle [2]. The first proposition
says that there are seven possible types of points in a hyperplane of DH (5, 4).
Proposition 1 ([2]). Let x be a point of a hyperplane H of DH (5, 4). Then Λ(x) is one of the
following sets of points in the projective plane ResΔ(x): (1) a line, (2) the union of three lines
through a given point, (3) the whole plane, (4) a unital, (5) a Baer subplane, (6) the union of a
hyperovalH and a line disjoint fromH, (7) the complement of a hyperoval.
Proposition 2 ([2]). Let H be a hyperplane of DH (5, 4). Then either
(A) every point of H has type (1), (2), (3) or (4), or
(B) every point of H has type (5), (6) or (7).
In [2], we constructed five isomorphism classes of hyperplanes in each dual polar space
DH (5, q2). We have met two of these classes before, namely the singular hyperplanes and
the extensions of the Q(4, q)-subquadrangles. In [2], we also showed that a hyperplane H of
DH (5, q2) belongs to one of these five classes if either q = 2 or q = 2 and each point of
H is of type (1), (2), (3) or (4). In the present paper, we will also determine all hyperplanes
of DH (5, 4) containing only points of type (5), (6) and (7). We call these hyperplanes the
exceptional hyperplanes of DH (5, 4).
Main Theorem. If H is an exceptional hyperplane of DH (5, 4), then precisely one of the
following holds.
(1) H is a locally subquadrangular hyperplane of DH (5, 4).
(2) H = Hx ∗ H ′ for some locally subquadrangular hyperplane H ′ of DH (5, 4) and some point
x ∈ H ′.
(3) H = Hx ∗ H ′ for some locally subquadrangular hyperplane H ′ of DH (5, 4) and some point
x ∈ H ′.
(4) H = Hσ ∗ H ′ for some locally subquadrangular hyperplane H ′ of DH (5, 4) and some
Q(4, 2)-subquadrangle σ of a quad Q which is contained in H ′.
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For each of these four possibilities there exists a unique hyperplane (up to isomorphism).
The uniqueness of the locally subquadrangular hyperplane in DH (5, 4) has been shown in
Pasini and Shpectorov [3]. We will prove the main theorem in Section 3. We will first derive
some results regarding the structure of exceptional hyperplanes.
2. Properties of the exceptional hyperplanes
Let H be an exceptional hyperplane of DH (5, 4). If x is a point of H , then Λ(x) is one of the
following sets in ResΔ(x):
(5) a Baer subplane,
(6) the union of a hyperovalH and a line L disjoint from H,
(7) the complement of a hyperoval.
The lines contained in an exceptional hyperplane can be of two types.
Proposition 3 ([2]). If L is a line contained in H , then precisely one of the following holds.
(c) L is contained in three subquadrangular quads and two deep or singular quads.
(d) L is contained in five subquadrangular quads. 
In the previous proposition, we have followed the labeling of [2]. If x is a point of a given
type, then the lines through x contained in H have one of the following types:
Point Line
(5) (c)
(6) (c), (d)
(7) (c)
Lemma 1. Let L be a line of type (c). Then there are four possibilities.
• There are no deep quads through L. L contains two points of type (5) and one point of type (7).
• There are no deep quads through L. L contains one point of type (5) and two points of type (6).
• There is exactly one deep quad through L. Then L contains two points of type (6) and one
point of type (7).
• There are two deep quads through L. Then L contains three points of type (7).
Proof. Let Q1 and Q2 denote the two quads through L which are singular or deep. Suppose
none of Q1, Q2 is deep. Let xi , i ∈ {1, 2}, denote the point of L which is deep with respect to
Qi . If x1 = x2, then this point is a point of type (7) and the two remaining points have type (5).
If x1 = x2, then x1 and x2 are points of type (6) and the remaining point of L has type (5).
Suppose Q1 is deep and Q2 is singular. Let x2 denote the unique point of L which is deep
with respect to Q2. Then x2 has type (7) and the two remaining points of L have type (6).
Suppose Q1 and Q2 are deep. Then all points of L have type (7). 
Lemma 2. Let Q be a subquadrangular quad and put σ := Q ∩ H . Then one of the following
possibilities occurs.
(i) There exists a line L in σ such that every point of σ \ L has type (6), one point of L has
type (7) and the two other points of L have type (5).
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(ii) There exists a line L in σ such that every point of σ \ L has type (6) and the three points of
L have type (7).
(iii) The points of type (7) contained in σ form an ovoid O of σ . All the points of σ \ O have
type (5).
(iv) There exists a point x in σ such that the points of type (7) of σ are precisely the points of
x⊥ ∩ σ . The remaining points of σ have type (5).
(v) The points of type (7) of σ form a (3 × 3)-subgrid G of σ . All the points of σ \ G have
type (5).
(vi) Every point of σ has type (7).
Proof. Suppose first that σ contains a point of type (6). Let X1 denote the set of points of type
(6) of σ and put X2 := σ \ X1. Through every point x ∈ X1, there exist two lines L1, L2 ⊆ σ
of type (d) and the remaining line L3 ⊆ σ has type (c). Every point of L1 ∪ L2 has type (6). By
Lemma 1, precisely two points of L3 have type (6). Now, consider a line K of type (d) in σ . Each
point of K has type (6) and is collinear with a unique point of type (5) or (7). Hence, |X2| = 3
and |X1| = 12. By Lemma 1, a line of σ has type (c) if and only if it has a point of type (5) or
(7). Suppose X2 is a triad, i.e. a set of three mutually noncollinear points. Then the number N of
lines of type (c) contained in σ is equal to |X2| · 3 = 9. On the other hand, each point of type (6)
of σ is contained in a unique line of type (c) of σ and this line contains a second point of type
(6). Hence, N is also equal to |X1|2 = 6, a contradiction. It follows that two points of X2, say a
and b, are collinear. Now, let c denote the third point of the line ab. By Lemma 1, the point c
cannot have type (6). Hence, X2 coincides with the line {a, b, c}. Also by Lemma 1, one of the
cases (i) or (ii) of the lemma occurs.
Suppose next that σ contains only points of type (5) or (7). By Lemma 1, every line of σ
has either 1 or 3 points of type (7). So, the set of points of σ of type (7) either is σ itself or a
hyperplane of σ . So, one of the cases (iii), (iv), (v) or (vi) of the lemma occurs. 
Lemma 3. |H | ∈ {407, 439, 471, 567}.
Proof. Let Q denote an arbitrary subquadrangular quad. (There exists such a quad through every
point of H .) Then one of the six cases of Lemma 2 occurs. If αi , i ∈ {5, 6, 7}, denotes the total
number of points of type (i ) contained in σ , then |H | = |σ |+|Q\σ | ·16+α5 ·8+α6 ·16+α7 ·24.
We find:
Case |H | Case |H |
(i) 439 (iv) 439
(ii) 471 (v) 471
(iii) 407 (vi) 567

Lemma 4. If |H | = 407, then there exists a deep quad.
Proof. Let Q denote an arbitrary subquadrangular quad and put σ = H ∩ Q. If |H | = 407, then
one of the cases (i), (ii), (iv), (v) or (vi) occurs. In each of these cases, there exists a line in σ
which contains at least one point of type (7) and no points of type (5). Through every such line,
there always exists a deep quad; see Lemma 1. 
Lemma 5. One of the following cases occurs.
• |H | = 407. There exist no deep quads.
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• |H | = 439. There exist deep quads. For any deep quad Q, there exists a point xQ ∈ Q such
that the points of type (7) of Q are the points of x⊥Q ∩ Q. The remaining points of Q have
type (6).
• |H | = 471. There exist deep quads. For any deep quad Q, the set of points of type (7) of Q
determine a subquadrangle of Q isomorphic to Q(4, 2). All the remaining points of Q have
type (6).
• |H | = 567. There exist deep quads. For any deep quad Q, all of its points have type (7).
Proof. If there are no deep quads, then |H | = 407 by Lemma 4. Suppose now that there are deep
quads. If Q is a deep quad, then it cannot contain points of type (5). By Lemma 1, every line of
Q has either one or three points of type (7). Hence, the set V of points of type (7) of Q is either
Q itself or a hyperplane of Q. We have |H | = |Q| + |V | · 20 + (|Q| − |V |) · 12. If V = Q, then
|H | = 567; if V is a subquadrangle of Q, then |H | = 471; if V = x⊥Q ∩ Q for some point xQ of
Q, then |H | = 439. The lemma now easily follows. 
3. Classification of the exceptional hyperplanes
3.1. Preliminary lemma
Lemma 6. Let H be an exceptional hyperplane of DH (5, 4).
(i) For every point x of DH (5, 4), H ′ = H ∗ Hx is an exceptional hyperplane of DH (5, 4).
(ii) For every subquadrangle σ of DH (5, 4) isomorphic to Q(4, 2), H ′ = H ∗ Hσ is an
exceptional hyperplane of DH (5, 4).
Proof. In case (i), let y denote an arbitrary point of H at distance at most 1 from x . In case (ii),
let y denote an arbitrary point of σ contained in H . In both cases the point y also belongs to H ′
and its type (in the sense of Proposition 1) with respect to H ′ is the same as its type with respect
to H . So, H ′ has to be an exceptional hyperplane too. 
Remark. The dual polar space DH (5, 4) contains 891 points, a singular hyperplane of
DH (5, 4) contains 379 points and the extension of a Q(4, 2)-subquadrangle contains 507 points.
3.2. Exceptional hyperplanes with 567 points
By Pasini and Shpectorov [3], there exists, up to isomorphism, only one locally
subquadrangular hyperplane of DH (5, 4). It has 567 points and all these points have type (7).
Hence, the locally subquadrangular hyperplanes of DH (5, 4) are of exceptional type. We will
denote any of these hyperplanes by E(567).
Theorem 1. Let H be an exceptional hyperplane of DH (5, 4) with 567 points. Then H is a
locally subquadrangular hyperplane of DH (5, 4) and hence is isomorphic to E(567).
Proof. By Lemma 2 and the table in the proof of Lemma 3, every point of H (which is
necessarily contained in a subquadrangular quad) has type (7). Hence, every line contained in
H has type (c). By Lemma 1, there are no singular quads. So, H is a locally subquadrangular
hyperplane of DH (5, 4). By Pasini and Shpectorov [3], H is isomorphic to E(567). 
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Remark. The automorphism group G H of DH (5, 4) fixing H = E(567) setwise is rather large;
see e.g. Brouwer et al. [1, p. 350] and Pasini and Shpectorov [3, p. 279]. The group G H acts
transitively on the set of points of H , the set of points of DH (5, 4) not contained in H and the
set of Q(4, 2)-subquadrangles of DH (5, 4) contained in a deep quad. We will freely make use
of these facts in the sequel.
3.3. Exceptional hyperplanes with 407 points
Let H1 be a locally subquadrangular hyperplane of DH (5, 4). Let x denote a point of
DH (5, 4) not contained in H1 and let H2 be the exceptional hyperplane H1 ∗ Hx of DH (5, 4).
Since every quad through x is subquadrangular with respect to H1, |Δ0(x) ∩ H1| = 0,
|Δ1(x) ∩ H1| = 21 and |Δ2(x) ∩ H1| = 210. Hence, |H1 ∩ Hx | = 231 and |H2| =
891 − |H1| − |Hx | + 2 · |H1 ∩ Hx | = 407.
All points x outside H1 give rise to isomorphic hyperplanes with 407 vertices. We will denote
any of these hyperplanes by E(407).
Theorem 2. Any exceptional hyperplane of DH (5, 4) on 407 points is isomorphic to E(407).
Proof. Let H be an exceptional hyperplane on 407 points. Let Q denote a subquadrangular quad
and put σ := Q∩ H . By Lemma 2 and the table in the proof of Lemma 3, there exists an ovoid O
in σ all of whose points have type (7). Now, let x denote a point of Q \ σ such that x⊥ ∩ σ = O.
Let R denote an arbitrary quad through x . If R = Q, then R is subquadrangular. Suppose now
that R = Q; then the line L = R ∩ Q of Q contains a unique point y of O which has type (7).
It follows that every quad through L is subquadrangular. In particular, R is subquadrangular.
We conclude that every quad through x is subquadrangular. Now, since |Δ0(x) ∩ H | = 0,
|Δ1(x)∩H | = 21 and |Δ2(x)∩H | = 210, |H ∩Hx | = 231. Hence, the hyperplane H ′ := H ∗Hx
has 891−|H |− |Hx|+2 · |H ∩ Hx | = 567 points. It follows that H ′ ∼= E(567) and H ∼= E(407)
since H = H ′ ∗ Hx and x ∈ H ′. 
3.4. Exceptional hyperplanes with 439 points
Let H1 be a locally subquadrangular hyperplane of DH (5, 4). Let x denote a point of H1 and
let H2 be the exceptional hyperplane H1 ∗ Hx of DH (5, 4). Through x there are 6 deep quads
and 15 subquadrangular quads with respect to H1. Hence, |Δ0(x)∩ H1| = 1, |Δ1(x)∩ H1| = 30,
|Δ2(x) ∩ H1| = 216, |H1 ∩ Hx | = 247 and |H2| = 891 − |H1| − |Hx | + 2 · |H1 ∩ Hx | = 439.
All points x ∈ H give rise to isomorphic exceptional hyperplanes on 439 vertices. We denote
any of these hyperplanes by E(439).
Theorem 3. Any exceptional hyperplane of DH (5, 4) on 439 points is isomorphic to E(439).
Proof. Let H be an exceptional hyperplane of DH (5, 4) on 439 points. By Lemma 5, there
exists a deep quad Q and a point x ∈ Q such that every point of x⊥ ∩ Q has type (7).
Since |H ∩ Hx | = |Q| + |x⊥ ∩ Q| · 20 = 247, the hyperplane H ′ := H ∗ Hx has
891 − |H | − |Hx | + 2 · |H ∩ Hx | = 567 points. It follows that H ′ ∼= E(567) and H ∼= E(439)
since H = H ′ ∗ Hx and x ∈ H ′. 
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3.5. Exceptional hyperplanes with 471 points
Let H1 be a locally subquadrangular hyperplane of DH (5, 4), let Q be a deep quad of H1, let
σ denote a subquadrangle of Q isomorphic to Q(4, 2) and let H2 be the exceptional hyperplane
H1 ∗ Hσ of DH (5, 4). We calculate |H1 ∩ Hσ | = |Q| + |σ | · 20 = 327 and hence |H2| = 471.
All possibilities for σ will give rise to isomorphic exceptional hyperplanes on 471 vertices.
We will denote any of these hyperplanes by E(471).
Theorem 4. Every exceptional hyperplane of DH (5, 4) on 471 points is isomorphic to E(471).
Proof. Let H be an exceptional hyperplane of DH (5, 4) on 471 vertices. By Lemma 5, there
exists a deep quad Q and the points of type (7) in Q determine a subquadrangle σ isomorphic
to Q(4, 2). Since |H ∩ Hσ | = 327, the hyperplane H ′ := H ∗ Hσ contains 567 points. Hence,
H ′ ∼= E(567) and H ∼= E(471) since H = H ′ ∗ Hσ and Q ⊆ H ′. 
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